
EVENTS AND OUTCOMES

The result of an experiment is called an 

An event is 

A simple event is an event that cannot be
 

The sample space is the set of 

Example

If we flip a fair coin twice, describe the sample space, a 
simple event and compound event.

The sample space is the set of all possible simple 
events: {     ,      ,      ,      }

Example of a Simple event: 
We flip two tails: {      }

Example of a Compound event:
The first flip is a head: {     ,      }

BASIC PROBABILITY

Given that all outcomes are equally likely, we can 
compute the probability of an event E using this 
formula:

P(E)=

Example

If we select a card from a standard deck of 52 cards, calculate:

P(picking a 5) =   



Example

If we randomly select a card from a standard deck of 52 
playing cards, calculate:

P(♥) =

P(face) =

Question

If we randomly draw a marble from a bag containing 
5 red marbles, 3 blue marbles, and 2 green marbles, 
calculate:

P(drawing a red marble)

P(drawing a green or blue marble)

Question

At some random moment, you glance at a calendar in 
the month of October.

a. What is the probability that the day is the 10th?

b. What is the probability that the day is the 10th or 
after?

Question

Compute the probability of randomly drawing one 
card from a deck and getting a Queen.



CERTAIN AND IMPOSSIBLE EVENTS

The complement of an event is the event 
“                                              ”.

The notation E is used for the complement of event 
E.

We can compute the probability of the complement 
using 

Notice also that 

CERTAIN AND IMPOSSIBLE EVENTS

An                     event has a probability 
of 0.

A certain event has a probability of       .

The probability of any event must be: 
                         ≤          ≤   

Question

What is the probability that a card drawn from 
a deck is not a Jack?

Question

A box contains 12 balls: 4 red, 5 blue, and 3 
green. A ball is drawn randomly from the box. 
Find the probability of the following events:

The ball drawn is blue.
The probability is:

The ball drawn is not blue.
The probability is:



Question

What is the probability that Alice goes on vacation not 
in summer? 
(Assume equal probability of each month and 
only one month is chosen)

INDEPENDENT EVENTS

Events A and B are independent events if the 
probability of Event B occurring is the same 

Examples of independent events

Flipping a fair coin twice

Rolling a fair six-sided die and flipping a fair coin

Selecting a marble from a bag and then selecting 
another marble from the same bag with 
replacement

Question

Are the following events independent or 
dependent?

Randomly selecting two cards from a standard deck 
without replacement.



Question

Are the following events independent or 
dependent?

Life expectancy and where you live in New York City.

The cohort life expectancy is the average life length of a 
particular cohort – a group of individuals born in a 
given year.

P(A AND B) FOR INDEPENDENT EVENTS
If events A and B are independent, then the 
probability of both A and B occurring is:

                     P(A and B)=P(A) ⋅ P(B)

where P(A and B) is the probability of events A and B 
both occurring, P(A) is the probability of event A oc-
curring, and P(B) is the probability of event 
B occurring.

Question

What is the probability of rolling a five fol-
lowed by a six when rolling a die?



Question

What is the probabilty of the parents 
having one child with brown eyes and another child with 
blues eyes?

3
4
3
16

1
4

P(brown and blue)=P(brown) ⋅ P(blue)
                              =
                             
                              =

⋅

P(A OR B)

The probability of either A or B 
occurring (or both) is

  P(A or B) = P(A) + P(B) – P(A and B)

Example

In a group of 100 students, 60 students play tennis (event A) and 45 
students play basketball (event B). Among them, 30 students play both 
tennis and basketball. What is the probability that a randomly selected 
student plays either tennis or basketball?

Example

In a group of 100 students, 60 students 
play tennis (event A) and 45 students 
play basketball (event B). Among 
them, 30 students play both tennis and 
basketball. What is the probability that 
a randomly selected student plays 
either tennis or basketball?

P(tennis or basketball)=

                
                
                =     60      +          45          -                 30     =   75
                                           100                 100                          100         100  



Question

What is the probability that we draw either an odd numbered
card in a deck of cards or a ten?



The probability the event B occurs, given that event A has 
happened, is represented as

This is read as: 

example

Suppose we have a bag containing 3 red balls and 2 green balls. 
We want to find the probability of drawing two red balls.
Let's denote the events as follows:

Event A: Drawing a red ball on the first draw.
Event B: Drawing a red ball on the second draw.

Given that we've drawn a red ball on the first draw, there are now 4 balls left 
in the bag, 2 of which are red 
and 2 are green. 

Now, since we have 2 red balls and 4 balls total left in the bag, the probability 
of drawing a red ball on the second draw, given that the first ball drawn is red, 
is          . 

So the probability of B given A, denoted as P(B | A) is     .

       CONDITIONAL PROBABILITY FORMULA

      If Events A and B are not independent, then

             P(A and B) = 

             P(A ∩ B) = P(A) · P(B | A)
  

returning to previous example

Suppose we have a bag containing 3 red balls and 2 green balls. 
We want to find the probability of drawing two red balls.
Let's denote the events as follows:

Event A: Drawing a red ball on the first draw.
Event B: Drawing a red ball on the second draw.

Given that we've drawn a red ball on the first draw, there are now 4 balls left in the bag, 
2 of which are red and 2 are green. 

Now, since we have 2 red balls and 4 balls total left in the bag, the probability of drawing a 
red ball on the 
second draw, given that the first ball drawn is red, is          . 

So the probability of B given A, denoted as P(B | A) is     .

The probability of both events A and B occurring is:
                         P(A ∩ B) = P(A) · P(B | A) =     ·     =      =    

2
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example

You have just developed a new COVID-19 diagnostic test with your team in the lab.

Event A represents the event that the person actually has COVID-19.
Event B represents the event that the COVID-19 test comes back positive. 

The prevalence of COVID-19 in a certain population might be P(A)=0.02, meaning that 
2% of people in the population have COVID-19. 

The sensitivity of the COVID-19 test might be P(B∣A)=0.95, meaning that given a 
person has COVID-19, there is a 95% chance that the COVID-19 test will come back 
positive.

Q:What is the probability of that the person has COVID-19 and that the test 
comes back as positive?

question

Suppose a health study examines the relationship between exercise frequency 
and the likelihood of developing certain health conditions. The data collected 
is summarized in the table below:

Q. What is the probability that a randomly chosen individual has a health 
condition given that they exercise regularly?

 
Exercises regularly
Does not exercise regularly
Total
 

No health condition
800
300
1100

question

Suppose a health study examines the relationship between exercise frequency 
and the likelihood of developing certain health conditions. The data collected 
is summarized in the table below:

Q. What is the probability that a randomly chosen individual exercises regularly 
given that they have a health condition?

 
Exercises regularly
Does not exercise regularly
Total
 

No health condition
800
300
1100

BAYES’ THEOREM

If Events A and B are not independent, then

                

             

           P(A) P(B | A)

P(A) P(B | A) + P(A) P(B | A)
=

A

B A

A

A

AB

A B

B

B

BA



P(A | B) =                                           

              
             =

example
In a certain community, the prevalence of individuals being in 
close contact with an infected individual of a certain disease is 
20%.  
Among those who have been in close contact with an infected 
individual, the probability of contracting the disease is 30%. 
Among those who have not been in close contact with an 
infected individual, the probability  of contracting the disease 
is 10%. 
If a randomly selected individual from the community is 
found to have the disease, what is the probability that they 
had close contact with an infected individual?

           P(A) P(B | A)

P(A) P(B | A) + P(A) P(B | A)

P(A) =                 P(A) = 
P(B | A) = 
P(B | A) = 

question (Monty Hall Problem)

Suppose you are a contestant on a game show. The 
game involves three doors. 
Behind one of the doors is a car, and behind the other 
two doors are goats. 
You pick a door, say Door 1, but before it's opened, the 
host, who knows what's behind each door, opens 
another door, say Door 3, revealing a goat. Now, the 
host offers you the opportunity to switch your choice 
to Door 2. Should you switch?

A: The car is behind Door 1 (your initial choice).
B: The host opens Door 3 to reveal a goat.

The probability of the car being behind any specific door initially is 
P(A) =     . Given that the car is behind Door 1, the probability that the 
host opens Door 3, revealing a goat is P(B∣A)=1, because the host will 
always open a door with a goat behind it. Given that the car is not 
behind Door 1, the probability that the host opens Door 3 
(revealing a goat) is P(B∣A)=1, because the host will always open a door 
with a goat behind it.

P(A | B) =                                              =                             =
           P(A) P(B | A)

P(A) P(B | A) + P(A) P(B | A)

1
3 1 1

3
·

1
3 1    +·

2
3 1·

So the probability that the car is behind Door 1 is unaffected by the host 
opening Door 3. But the car has to be behind either Door 1 or Door 2, so 
P(winning the car if you change) = 
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s
on

e?

16
.
C
on

si
d
er

a
sm

ok
e
d
et
ec
ti
on

sy
st
em

in
st
al
le
d
in

a
b
u
il
d
in
g
.
T
h
e
a
ct
u
a
l
in
ci
d
en

ce
o
f
a
fi
re

in
th
is
b
u
il
d
in
g

is
ab

ou
t
0.
2
%
.
T
h
e
sm

ok
e
d
et
ec
to
r
h
a
s
an

6%
ch
an

ce
of

fa
il
in
g
to

al
er
t
w
h
en

th
er
e
is

a
fi
re

an
d
a
9%

ch
an

ce
of

fa
ls
el
y
si
gn

al
in
g
a
fi
re

w
h
en

th
er
e
is
n
’t

o
n
e.

If
th
e
sm

o
k
e
d
et
ec
to
r
in
d
ic
a
te
s
th
a
t
th
er
e
is

a
fi
re
,
w
h
at

is
th
e
p
ro
b
ab

il
it
y
th
at

a
fi
re

is
ac
tu
a
ll
y
p
re
se
n
t
in

th
e
b
u
il
d
in
g
?
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17
.
Im

ag
in
e
a
se
cu
ri
ty

a
la
rm

sy
st
em

in
st
al
le
d

in
a
m
u
se
u
m

to
d
et
ec
t
p
ot
en
ti
al

b
u
rg
la
ri
es
.

T
h
e
ac
tu
al

in
ci
d
en

ce
of

a
b
u
rg
la
ry

at
th
e
m
u
se
u
m

is
ab

o
u
t
0
.1
%
.
T
h
e
a
la
rm

sy
st
em

h
a
s
an

8
%

ch
a
n
ce

o
f
fa
il
in
g

to
tr
ig
ge
r
w
h
en

a
b
u
rg
la
ry

o
cc
u
rs

an
d
a
5%

ch
a
n
ce

o
f
so
u
n
d
in
g
a
n
a
la
rm

w
h
en

th
er
e
is
n
o
b
u
rg
la
ry
.
If

th
e
al
ar
m

g
o
es

off
,
w
h
at

is
th
e
p
ro
b
a
b
il
it
y
th
a
t
a
b
u
rg
la
ry

is
a
ct
u
a
ll
y
ta
k
in
g
p
la
ce

in
th
e
m
u
se
u
m
?

18
.
C
on

si
d
er

a
cy
b
er
se
cu
ri
ty

sy
st
em

d
es
ig
n
ed

to
d
et
ec
t
d
at
a
b
re
ac
h
es

in
a
h
ea
lt
h
ca
re

fa
ci
li
ty
.
T
h
e
ac
tu
al

ra
te

of
d
at
a
b
re
a
ch
es

o
cc
u
rr
in
g
is

a
b
ou

t
0.
2
%
.
T
h
e
sy
st
em

h
a
s
a
1
0
%

ch
a
n
ce

o
f
fa
il
in
g
to

d
et
ec
t
a

b
re
ac
h
w
h
en

on
e
h
ap

p
en

s
an

d
a
3%

ch
a
n
ce

o
f
fa
ls
el
y
a
le
rt
in
g
w
h
en

n
o
b
re
a
ch

h
as

o
cc
u
rr
ed

.
If

th
e

sy
st
em

in
d
ic
at
es

th
at

a
d
at
a
b
re
ac
h
h
as

b
ee
n
d
et
ec
te
d
,
w
h
a
t
is
th
e
p
ro
b
a
b
il
it
y
th
a
t
a
b
re
a
ch

is
a
ct
u
a
ll
y

ta
k
in
g
p
la
ce
?

19
.
Im

ag
in
e
a
b
lo
o
d
gl
u
co
se

m
on

it
o
ri
n
g
d
ev
ic
e
u
se
d
b
y
in
d
iv
id
u
a
ls
w
it
h
d
ia
b
et
es
.
T
h
e
a
ct
u
a
l
in
ci
d
en

ce
o
f

d
an

g
er
ou

sl
y
h
ig
h
b
lo
o
d
gl
u
co
se

le
ve
ls
in

th
is
p
o
p
u
la
ti
o
n
is
a
b
o
u
t
1
0
%
.
T
h
e
d
ev
ic
e
h
a
s
a
7
%

ch
a
n
ce

o
f

fa
il
in
g
to

d
et
ec
t
h
ig
h
gl
u
co
se

le
ve
ls

w
h
en

th
ey

a
re

p
re
se
n
t
a
n
d
a
5
%

ch
a
n
ce

o
f
in
co
rr
ec
tl
y
in
d
ic
a
ti
n
g

h
ig
h
le
ve
ls

w
h
en

th
ey

a
re

n
or
m
al
.
If

th
e
d
ev
ic
e
a
le
rt
s
th
at

b
lo
o
d
g
lu
co
se

le
ve
ls

a
re

h
ig
h
,
w
h
a
t
is

th
e

p
ro
b
a
b
il
it
y
th
at

th
e
le
ve
ls

ar
e
in
d
ee
d
el
ev
at
ed

?

20
.
In

h
is

a
rt

cl
as
s,

a
b
oy

h
as

1
ca
n
va
s,

1
ty
p
e
of

p
ai
n
t,

5
b
ru
sh
es
,
an

d
3
d
iff
er
en
t
p
al
et
te
s.

If
h
e
w
an

ts
to

cr
ea
te

a
n
ew

m
as
te
rp
ie
ce
,
h
ow

m
an

y
u
n
iq
u
e
co
m
b
in
a
ti
o
n
s
ca
n
h
e
u
se

if
h
e
h
a
s
to

p
ic
k
o
n
e
o
f
ea
ch

it
em

?

21
.
A
n
av

id
ga
rd
en
er

h
as

a
co
ll
ec
ti
on

o
f
p
la
n
ts
.
S
h
e
h
as

1
ty
p
e
of

p
ot
,
1
k
in
d
of

so
il
,
5
d
iff
er
en
t
se
ed
s,
an

d
3
ty
p
es

of
fe
rt
il
iz
er
.
H
ow

m
an

y
u
n
iq
u
e
p
la
n
t
ar
ra
n
ge
m
en
ts

ca
n
sh
e
cr
ea
te

if
sh
e
m
u
st

u
se

on
e
of

ea
ch

it
em

?

22
.
A

p
a
rt
y
p
la
n
n
er

is
or
ga
n
iz
in
g
an

ev
en
t.

S
h
e
h
a
s
1
th
em

e,
1
ty
p
e
o
f
m
u
si
c
p
la
y
li
st
,
5
d
ec
o
ra
ti
o
n
s,
a
n
d
3

ty
p
es

of
fo
o
d
.
H
ow

m
a
n
y
u
n
iq
u
e
p
ar
ty

se
tu
p
s
ca
n
sh
e
cr
ea
te

if
sh
e
m
u
st

ch
o
os
e
on

e
of

ea
ch

el
em

en
t?

23
.
A
t
a
d
in
n
er

p
ar
ty
,
a
h
o
st

in
v
it
es

7
g
u
es
ts
.
H
ow

m
an

y
d
iff
er
en
t
w
ay
s
ca
n
th
e
gu

es
ts

b
e
se
at
ed

ar
ou

n
d

th
e
ta
b
le

if
th
e
ar
ra
n
ge
m
en
t
m
at
te
rs
?
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24
.
A
n
ar
t
cu

ra
to
r
h
a
s
9
p
ai
n
ti
n
gs

to
d
is
p
la
y
in

a
n
ex
h
ib
it
io
n
.
H
ow

m
a
n
y
d
iff
er
en
t
w
ay
s
ca
n
th
e
cu

ra
to
r

ar
ra
n
g
e
th
e
p
ai
n
ti
n
g
s
o
n
th
e
w
al
l?

25
.
A

tr
av
el
er

h
a
s
6
ci
ti
es

to
v
is
it
on

a
tr
ip
.
H
ow

m
a
n
y
d
iff
er
en
t
w
ay

s
ca
n
th
ey

a
rr
a
n
g
e
th
e
o
rd
er

o
f
th
ei
r

v
is
it
s
to

th
es
e
ci
ti
es
?

26
.
In

a
ta
le
n
t
sh
ow

fe
at
u
ri
n
g
12
0
p
er
fo
rm

er
s,
th
e
ju
d
g
es

a
re

se
t
to

aw
a
rd

fi
rs
t,
se
co
n
d
,
a
n
d
th
ir
d
p
la
ce

a
s

w
el
l
a
s
au

d
ie
n
ce

ch
oi
ce

to
th
e
st
an

d
ou

t
ac
ts
.
H
ow

m
an

y
d
iff
er
en
t
w
ay
s
ca
n
th
e
aw

ar
d
s
b
e
gi
v
en
?

27
.
In

a
co
m
m
u
n
it
y
ga
rd
en
,
15
0
m
em

b
er
s
ar
e
en
te
re
d
in
to

a
ra
ffl
e
fo
r
a
ch
an

ce
to

w
in

fi
rs
t,

se
co
n
d
,
an

d
th
ir
d
p
ri
ze
s.

H
ow

m
an

y
d
iff
er
en
t
w
ay
s
ca
n
th
es
e
p
ri
ze
s
b
e
a
ss
ig
n
ed

to
th
e
lu
ck
y
w
in
n
er
s?

28
.
A

ch
ef

is
p
la
n
n
in
g
a
d
in
n
er

m
en
u
an

d
h
a
s
1
2
d
iff
er
en
t
re
ci
p
es

to
ch
o
o
se

fr
o
m
.
S
h
e
w
a
n
ts

to
se
le
ct

5
re
ci
p
es

fo
r
th
e
ev
en
in
g
’s

m
ea
l.

In
h
ow

m
a
n
y
w
ay

s
ca
n
sh
e
ch
o
os
e
th
e
re
ci
p
es
?

29
.
A

fi
lm

fe
st
iv
al

d
ir
ec
to
r
h
as

8
fi
lm

s
su
b
m
it
te
d
fo
r
sc
re
en

in
g
.
S
h
e
n
ee
d
s
to

ch
o
o
se

3
fi
lm

s
to

fe
a
tu
re

in
th
e
fe
st
iv
al
.
H
ow

m
an

y
d
iff
er
en
t
w
ay
s
ca
n
sh
e
se
le
ct

th
e
fi
lm

s?

30
.
A

ga
rd
en

er
h
as

13
d
iff
er
en
t
ty
p
es

of
fl
ow

er
s
to

ch
o
os
e
fr
om

fo
r
h
er

ga
rd
en
.
S
h
e
w
an

ts
to

p
la
n
t
4
of

th
em

th
is

se
as
on

.
In

h
ow

m
an

y
w
ay
s
ca
n
sh
e
ch
o
os
e
th
e
fl
ow

er
s?

31
.
F
ro
m

a
gr
ou

p
of

1
0
vo
lu
n
te
er
s,

yo
u
ra
n
d
om

ly
se
le
ct

3
to

h
el
p
or
ga
n
iz
e
a
co
m
m
u
n
it
y
ev
en
t.

W
h
at

is
th
e
p
ro
b
ab

il
it
y
th
at

th
ey

ar
e
th
e
3
vo
lu
n
te
er
s
w
h
o
si
g
n
ed

u
p
fi
rs
t?
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32
.
In

a
te
am

o
f
1
1
p
la
ye
rs
,
yo
u
ra
n
d
o
m
ly

ch
o
os
e
2
fo
r
a
sp
ec
ia
l
ta
sk
.
W

h
at

is
th
e
p
ro
b
ab

il
it
y
th
at

yo
u

se
le
ct

th
e
go
al
ke
ep

er
an

d
th
e
ca
p
ta
in
?

33
.
In

a
co
u
n
tr
y
o
f
5
0
m
il
li
on

re
si
d
en
ts
,
th
e
n
u
m
b
er

p
la
te
s
a
re

o
f
th
e
fo
rm

le
tt
er

le
tt
er

le
tt
er

n
u
m
b
er

n
u
m
b
er

n
u
m
b
er
,
an

d
al
l
va
ri
at
io
n
s
ca
n
b
e
fo
u
n
d
in

th
is

co
u
n
tr
y.

W
h
a
t
is

th
e
p
ro
b
a
b
il
it
y
th
a
t
th
e
ca
r

th
at

yo
u
d
ri
ve

in
th
is

co
u
n
tr
y
h
a
s
a
n
u
m
b
er

p
la
te

w
it
h
th
e
fi
rs
t
tw

o
le
tt
er
s
X
Y
?

34
.
In

a
ra
ffl
e,

p
ar
ti
ci
p
an

ts
se
le
ct

6
ti
ck
et
s
fr
o
m

a
p
o
o
l
o
f
2
0
.
If

a
p
a
rt
ic
ip
a
n
t’
s
ti
ck
et
s
m
a
tc
h
a
ll
6
d
ra
w
n

n
u
m
b
er
s,

th
ey

w
in

$5
0,
00
0.

If
n
ot
,
th
ey

lo
se

$5
.
W

h
a
t
is

th
e
ex
p
ec
te
d
va
lu
e
o
f
p
a
rt
ic
ip
a
ti
n
g
in

th
is

ra
ffl
e?

35
.
In

a
W

h
ee
l
of

F
or
tu
n
e
ga
m
e,

a
ro
b
ot

m
u
st

fi
ll
in

6
le
tt
er
s
to

co
m
p
le
te

a
p
h
ra
se
,
ch
o
o
si
n
g
fr
o
m

th
e

al
p
h
ab

et
(A

to
Z
).
If
th
e
ro
b
ot

co
rr
ec
tl
y
id
en
ti
fi
es

a
ll
6
le
tt
er
s
in

th
e
p
h
ra
se
,
it
w
in
s

$5
0,
00
0.

If
it
fa
il
s,

it
lo
se
s

$1
.
W

h
at

is
th
e
ex
p
ec
te
d
va
lu
e
of

th
e
ro
b
o
t
p
a
rt
ic
ip
a
ti
n
g
in

th
is

g
a
m
e?

36
.
In

a
ca
si
n
o
g
am

e,
a
p
la
ye
r
b
et
s

$1
0
on

a
sp
in

of
an

A
m
er
ic
an

ro
u
le
tt
e
w
h
ee
l,
w
h
ic
h
h
as

38
n
u
m
b
er
s

(1
-3
6,

0,
an

d
00
).

If
th
e
b
al
l
la
n
d
s
on

th
e
p
la
ye
r’
s
ch
o
se
n
n
u
m
b
er
,
th
ey

w
in

$3
50
.
If

it
la
n
d
s
on

an
y

ot
h
er

n
u
m
b
er
,
th
ey

lo
se

th
ei
r

$1
0
b
et
.
W

h
at

is
th
e
ex
p
ec
te
d
va
lu
e
o
f
p
la
y
in
g
th
is

g
a
m
e?

37
.
A

ja
r
co
n
ta
in
s
3
re
d
ca
n
d
ie
s,

7
b
lu
e
ca
n
d
ie
s,

an
d
15

gr
ee
n
ca
n
d
ie
s.

S
om

eo
n
e
p
ro
p
os
es

a
ga
m
e:

Y
ou

ra
n
d
o
m
ly

se
le
ct

on
e
ca
n
d
y
fr
om

th
e
ja
r.

If
it
is
re
d
,
yo
u
w
in

$5
.
If
it
is
b
lu
e,

y
ou

w
in

$3
.
If
it
is
gr
ee
n
,

yo
u
lo
se

$2
.
W

h
a
t
is

yo
u
r
ex
p
ec
te
d
va
lu
e
if
yo
u
p
la
y
th
is

g
a
m
e?
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